Phase-space representations of thermal Bose-Einstein condensates by Ng, King et al.
ar
X
iv
:1
81
0.
12
98
4v
1 
 [q
ua
nt-
ph
]  
30
 O
ct 
20
18
Phase-space representations of thermal Bose-Einstein
condensates
King Ng1, Rodney Polkinghorne1, Bogdan Opanchuk1, Peter D.
Drummond1,2
1Centre for Quantum and Optical Science, Swinburne University of Technology,
Melbourne 3122, Australia
2Institute of Theoretical Atomic, Molecular and Optical Physics (ITAMP), Harvard
University, Cambridge, Massachusetts, USA.
E-mail: pdrummond@swin.edu.au
Abstract. Phase-space methods allow one to go beyond the mean-field approxi-
mation to simulate the quantum dynamics of interacting fields. Here, we obtain a
technique for initializing either Wigner or positive-P phase-space simulations of Bose-
Einstein condensates with quantum states at a finite temperature. As a means to
calculate the initial states, we introduce the idea of a nonlinear chemical potential,
which removes the zero-momentum phase-noise divergences of Bogoliubov theory to
give a diagonal Hamiltonian. The resulting steady-state quantum theory is then di-
rectly applicable to the calculations of initial conditions for quantum simulations of
BEC dynamics using phase-space techniques. These methods allow efficient and scal-
able simulation of large Bose-Einstein condensates. We suggest that nonlinear chemical
potentials may have a general applicability to cases of broken symmetry.
Submitted to: J. Phys. A: Math. Theor.
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1. Introduction
Since his original method for treating superfluidity was first published, Bogoliubov’s
approach [1] has had many useful applications to both superfluidity and superconduc-
tivity. One problem with this method is that it either diverges for zero-momentum
phase fluctuations, or does not fully diagonalize the Hamiltonian. These divergences
are inherent in the idea of symmetry breaking. Because this technique is central to
condensed matter physics and QCD, a variety of nonlinear operator transformations
have also been introduced to overcome the difficulties of the Bogoliubov approach [2, 3].
In this paper, we remove the zero-momentum divergence in a simpler way, to obtain
a unitary transformation that diagonalizes the grand canonical Hamiltonian. As an
important application, we show how this technique can be used to obtain stochastic ini-
tial conditions for quantum phase space simulations of Bose-Einstein condensate (BEC)
dynamics, including correlations and entanglement.
The physical reason for the divergence is clear. Bogoliubov’s approach assumes that
the phase symmetry of the Hamiltonian is broken in thermal equilibrium. This cannot be
rigorously correct. The BEC Hamiltonian commutes with the number operator. Hence,
energy eigenstates must have a well-defined particle number. The Noether theorem
[4] shows the relationship between number conservation and symmetry: a quantum
state with broken phase symmetry can be neither a number eigenstate nor an energy
eigenstate. We overcome this through an approach of phase-averaging over the broken
symmetry phases.
Phase-averaging by itself would not create a diagonal Hamiltonian transformation.
We achieve this by combining known results on quantum phase-diffusion [5, 6], with a
nonlinear chemical potential term. This is similar to the usual linear chemical potential
term, and neither type of chemical potential alters the exact quantum dynamical
equations. However, a nonlinear chemical potential alters the initial grand canonical
ensemble, which does change the effect of linearization in a subtle way. The idea is not
unreasonable, since the energy of particle exchange with a reservoir is nonlinear in the
particle number. A related approach of using a second Lagrange multiplier is known [7].
Such issues were not important in early work on superfluidity with large
particle numbers, but they are significant in mesoscopic experiments, where number
fluctuations, dynamics and entanglement are experimentally measurable. Mesoscopic
Bose condensates are now produced with ultra-cold atomic gases [8, 9]. Quantum
dynamics and thermodynamics is being investigated on mesoscopic scales with these
techniques [10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21]. This means that the existence or
otherwise of symmetry breaking is relevant and observable. Yet Bogoliubov’s approach
still has considerable utility.
Related approaches to this issue include using modified field operators [22, 23],
or number conserving approximations to the initial quantum state [24, 25]. These
methods are not so readily applicable to multimode quantum dynamics owing to its
exponential complexity. Here we show that physically correct results may be obtained
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in simpler ways. Retaining the Bogoliubov transformation allows the use of operator
mappings into phase-space, which simplifies the calculation of dynamical effects. The
standard commutation properties and phase-space mappings of bosonic field operators
are retained with this approach.
The reason why this is important is that many current experiments in BEC are
both highly dynamical and quantum limited. Such questions as the use of a BEC as
a quantum field theory analog to quantum tunneling in the early universe [26, 27], the
limits to matter-wave interferometry [28], and quantum field entanglement [29, 30] have
all become the subjects of experimental investigation. For these problems, neither mean
field theory nor perturbation theory is directly useful. The Gross-Pitaevskii equation
[31, 32] ignores quantum fluctuations, and cannot be used to predict spin squeezing or
entanglement [30, 29]. There are more sophisticated mean field methods, but these have
the problem that it is difficult to satisfy the constraints of obeying conservation laws,
while obtaining a gapless excitation spectrum [33].
Instead, it is often most practical to use phase space dynamical quantum
simulations. However, the calculation of an appropriate thermal initial quantum state
is essential. The present approach gives a direct estimate of the initial quantum state
in an equilibrium BEC with a technique that removes divergences, which allows one to
represent the initial thermal state using a phase-space method. This can then be used
for calculating quantum dynamics. The results obtained here are for low temperature
BECs with repulsive interactions. Modifications would be required near the critical
temperature [34], or for attractive interactions.
2. Hamiltonian and chemical potential
We assume a standard Bose gas Hamiltonian Hˆ [35], with an external potential U(x),
an S-wave coupling g and mass m:
Hˆ =
ˆ
dx
[
Ψˆ†
(
−~
2∇2
2m
+ U(x)
)
Ψˆ +
g
2
Ψˆ†2Ψˆ2
]
. (1)
Here Ψˆ = Ψˆ (x) is a bosonic field, x is a coordinate in one or more dimensions, we
define dx ≡ dx1dx2 . . .., and the integration is over a finite volume V. For simplicity,
we ignore internal spin, although this can be included without changing our main
arguments. We suppose there is a momentum cutoff, otherwise renormalization counter-
terms are required. We will suppress field arguments (x) where there is no ambiguity.
A standard mode expansion can be used to diagonalize the noninteracting part of the
Hamiltonian, which has the form:
Ψˆ (x) =
∑
k
u
(0)
k (x) aˆk , (2)
where aˆk is a bosonic annihilation operator with the usual Bose commutation relations,
and u
(0)
k (x) is an orthonormal set of free-field mode functions.
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To obtain the initial number conserving quantum density matrix ρˆ, we will assume
that it has the form of a phase-average over a condensate phase φ, such that
ρˆ =
1
2π
ˆ
dφρˆ (φ) . (3)
We will also introduce a condensate wave-function Ψφ that is conditioned on the phase
φ, where Ψφ = Ψ0 (x) exp (iφ). Here Ψ0 (x) will be evaluated later. Operationally, one
may regard this as corresponding to a procedure where the phase is measured in a way
that projects out ρˆ (φ). Yet without an external injected signal, the absolute phase is
not accessible, and so we will not be concerned with measuring the absolute phase.
Similar techniques are used to model the quantum state of a laser. As an
example often used in laser physics, one might assume that ρˆ (φ) = |Ψφ〉 〈Ψφ| where
|Ψφ〉 is a Glauber coherent state [36, 37]. This example is exactly equivalent to a
Poissonian distribution of number states, showing that phase and number distributions
are complementary. While the BEC case is more complex, related approaches have
been used in variational calculations [38]. At the same time, distributions over a
range of particle numbers are used in statistical mechanics in the form of the grand
canonical ensemble, and they are universally found in current BEC experiments [39].
These are more generally appropriate distributions to use than number states, which
are experimentally difficult to access at large particle number.
Since number is conserved, any initial thermal state is typically a mixture of number
eigenstates, and experiments are carried out by changing a number conserving part of
the Hamiltonian. Because it commutes with the Hamiltonian, one can add or subtract
from the Hamiltonian any function of the total number Nˆ , without altering the evolution
of any number eigenstate. This is called a chemical potential term. Such terms cause a
relative energy change and hence a phase shift between states of different total number,
but the absolute phase is not observable because of super-selection rules. It is common
in Bogoliubov theory to use this freedom to include a linear chemical potential. Here
we extend this procedure to include a nonlinear chemical potential.
We note that an unobservable phase only occurs when the Hamiltonian describes
the entire Bose condensate, and not just part of it. By contrast, a split condensate does
have a well-defined relative phase between the portions it is split into. Our method
can describe such cases. However, the Hamiltonian must describe the entire system,
including both of the split condensates. In representing these or other experiments,
N =
〈
Nˆ
〉
is usually known. Higher moments of the number may be measured as well
[39], and these will constrain the initial ensemble.
To obtain the initial state, we will employ a type of grand canonical Hamiltonian
Kˆ that includes a nonlinear chemical potential term, Kˆµ, so Kˆ = Hˆ + Kˆµ. The
nonlinear chemical potential introduced here is a Taylor expansion of a generalized
chemical potential µ(Nˆ), and is defined so that, to second order:
Kˆ = Hˆ − µ1Nˆ − µ2
2
Nˆ2 . (4)
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This modification does not change any observable dynamical property. In fact
it is conventional to use a linear chemical potential in the thermodynamic limit of
large particle number N . Yet reservoirs generally are nonlinear, and they can have a
significant effect in mesoscopic thermodynamics. Hence, we will use Kˆ rather than Hˆ in
our calculations of the statistical ensemble. The argument holds even if there are several
spin components. We will show that this alteration leads to an improved understanding
of the Bogoliubov linearization method.
Our motivation for choosing this form of Kˆ is to obtain a diagonal Bogoliubov
Hamiltonian, including the zero momentum mode. However, there is a fundamental
issue as well. A chemical potential is intended to model the energy changes when a
particle is transferred to or from a reservoir. The usual choice of a linear term is not
always appropriate for a nonlinear interactions in a BEC. As we will show, the present
choice of a nonlinear chemical potential results in an effective Hamiltonian that is stable
for small fluctuations. There is no energy gap in the limit of long wavelength condensate
fluctuations, which is generally regarded as essential to a theoretical description of a Bose
condensate [40].
With this added term, we first need to understand if the grand canonical
Hamiltonian is bounded below in the case of a repulsive inter-particle potential, or
positive scattering length. This is because we wish to use Kˆ to calculate initial states
in thermal equilibrium. In a homogeneous BEC, we show below that the linearized
phase divergence is suppressed by choosing the chemical potential term to be completely
nonlinear, with µ2 = g/V . As a result, the nonlinear chemical potential counter-term
cancels the many-body energy shift of the nonlinear interaction term for the case of a
uniform coherent state, where g(2)(0) = 1, apart from terms of O(1/N) for N particles.
The conventional linear chemical potential only cancels the single-particle energy shift.
An obvious question is: why add a conserved quantity to the Hamiltonian?
Similar questions arise with gauge transformations. The answer is that it is often
more convenient to modify a Hamiltonian before using approximations. This is
mathematically rigorous as long as the exact dynamics is invariant. In this case, the
present approach can be used to diagonalize the linearized Hamiltonian. We do not
have to drop terms from the mode expansion as with previous approaches, although it
should be emphasized that the main advantage is in calculating initial states, since the
nonlinear dynamics is unchanged if the full Hamiltonian is used for this.
In the following sections, we will prove that the resulting grand canonical
Hamiltonian is stable for small fluctuations. This is sufficient to obtain an approximate
theory for calculating the initial state. Linearization is not required for our dynamical
calculations. Quantitative results of these are presented elsewhere. These calculations
are carried out with the nonlinear Hamiltonian using phase-space techniques. For
dynamical results, no chemical potential is needed and the question of boundedness
is irrelevant.
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3. Small fluctuation expansion
Following the methods of Bogoliubov [1], we assume that in the phase-dependent initial
density matrix component ρˆ (φ), there are small quantum field fluctuations δΨˆ around
a condensate field Ψφ (x), such that
Ψˆ = Ψφ + δΨˆ . (5)
This is equivalent to a unitary transformation, since the unitary displacement operator
Dˆ [Ψφ] = exp
[
i
ˆ
dx
(
Ψˆ†Ψφ − ΨˆΨ∗φ
)]
(6)
has the well known effect [36] that:
δΨˆ = DˆΨˆDˆ† = Ψˆ−Ψφ. (7)
One may interpret φ as the phase obtained from spontaneous symmetry-breaking.
More precisely, φ is the phase of the conditional density matrix component ρˆ (φ) that we
wish to analyze. We do not assume that Ψφ =
〈
Ψˆ
〉
. This would lead to a contradiction.
In the case of a thermal ensemble, we must generate a distribution of number
eigenstates for the overall density matrix, ρˆ, which cannot have a well-defined phase. To
obtain any observable result, one must average over the phase φ, using the distribution
ρˆ (φ), so that
〈
Ψˆ
〉
= 0 – as required by quantum mechanics. From now on, we will
calculate with just one of these possible phases φ, and it is no limitation to choose φ = 0.
Since the final results of number-conserving observables do not depend on φ, one choice
is as good as another, and explicit phase-averaging of the observables is not required.
We note that the condensate field Ψφ can be expanded in modes, just as in Eq (2),
so that:
Ψφ (x) =
∑
k
u
(0)
k (x)α
(0)
k . (8)
3.1. Hamiltonian expansion
On introducing n0 = |Ψ0|2, we define the condensate number as:
N0 =
ˆ
dxn0 (x) . (9)
The resulting number density operator, nˆ (x) = Ψˆ†Ψˆ, is
nˆ (x) = n0 (x) + Ψ
∗
0δΨˆ + Ψ0δΨˆ
† + δΨˆ†δΨˆ . (10)
It is convenient to introduce a Bose quadrature operator as the zero momentum part of
δΨˆ. Defining a normalized mode function, ψ0 = Ψ0/
√
N0 we introduce the condensate
quadrature operator as:
Pˆ ≡
ˆ
dx
(
ψ∗0δΨˆ + ψ0δΨˆ
†
)
/
√
2 . (11)
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The number operator can now be rewritten to second order in the quantum field
fluctuations, giving:
Nˆ = N0 + Pˆ
√
2N0 +
ˆ
dxδΨˆ†δΨˆ . (12)
Similarly, the Hamiltonian can be expanded order by order in δΨˆ, so that
Hˆ =
4∑
n=0
Hˆ(n) . (13)
The lowest order terms in Hˆ are then:
Hˆ(0) =
ˆ
dxΨ∗φ
(
−~
2∇2
2m
+ U (x) +
g
2
n0
)
Ψφ, (14)
Hˆ(1) =
ˆ
dx
(
δΨˆHΨ∗0 + δΨˆ†HΨ0
)
,
Hˆ(2) = Hˆ0 +
g
2
ˆ
dx
(
Ψ∗0δΨˆ + Ψ0δΨˆ
†
)2
.
Here the differential operator H is the effective single-particle Hamiltonian
H = −~
2∇2
2m
+ U (x) + gn0 (x) , (15)
and the mean-field quantum Hamiltonian Hˆ0 is
Hˆ0 =
ˆ
dxδΨˆ†HδΨˆ . (16)
We consistently omit small c-number corrections due to commutation relations, as
they have no effect either on the dynamics or on the density matrix. To include the
chemical potential term to second order, let:
Kˆ(n) = Hˆ(n) + Kˆ(n)µ . (17)
If we define an effective linear chemical potential as µe = µ1 + µ2N0, one finds that to
second order, the additional terms are:
Kˆ(0)µ = − µ1N0 − µ2N20 /2 ,
Kˆ(1)µ = − µePˆ
√
2N0 ,
K(2)µ = − µ2Pˆ 2N0 − µe
ˆ
dxδΨˆ†δΨˆ . (18)
3.2. Canceling linear terms
The total linear term including the chemical potential contributions can be written as:
Kˆ(1) =
ˆ
dx
(
δΨˆ† [H− µe] Ψ0 + h.c.
)
. (19)
If we choose µe and Ψ0 such that the HΨ0 = µeΨ0, then this linear term is canceled
completely. Thus, with the correct choice of chemical potential, one can remove the
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linear term in the Hamiltonian, leaving only quadratic terms after linearization. The
second-order term in this expansion of the grand canonical Hamiltonian is
Kˆ(2) = Hˆ0 − µ2Pˆ 2N0 (20)
+
g
2
ˆ
dxn0 (x)
(
Ψ∗0δΨˆ + Ψ0δΨˆ
†
)2
.
This is identical to results found in the literature for the case of either a
homogeneous or trapped Bose gas[41, 42, 43, 1, 44, 45, 46, 6, 47], except for the additional
nonlinear chemical potential term proportional to µ2.
4. Bogoliubov transformation
Next, we make a canonical transformation, following standard techniques. This
[1, 42, 6, 48] is a modified version of the standard expansion of Eq (2), defined as
bˆk =
ˆ
dx
[
u∗k (x) δΨˆ (x) + vk (x) δΨˆ
† (x)
]
, (21)
where bˆk is a bosonic mode operator, so that
[
bˆk, bˆq
]
= 0,
[
bˆk, bˆ
†
q
]
= δk,q, and in general
u, v depend on the condensate field. Here k is one of a set of mode indices, which are
not generally the momenta, but may include angular momenta or other eigenvalues in
spherical traps.
This is another canonical transformation [49, 50, 51], since if δaˆ is the shifted mode
operator, and UˆS (u, v) is the squeezing operator equivalent to Eq (21), then:
bˆk = UˆSδakUˆ
†
S. (22)
The mode functions uk and vk are derived below, and the purpose of the transformation
is to diagonalize the quadratic approximation to the Bose gas Hamiltonian. To maintain
commutation relations [42], one must require:∑
k
[uk (x)u
∗
k (x
′)− v∗k (x) vk (x′)] = δ(x− x′) (23)
and: ∑
k
[uk (x) v
∗
k (x
′)− v∗k (x)uk (x′)] = 0 . (24)
The inverse is:
δΨˆ (x) =
∑
k
[
bˆkuk (x)− bˆ†kv∗k (x)
]
. (25)
If we wish to express this in terms of the original free-field modes of Eq (2), then
clearly one has:
aˆk = ukqbˆq − v∗kqbˆ†k , (26)
where:
ukq =
ˆ
dxu
(0)∗
k (x)uq (x) ,
vkq =
ˆ
dxu
(0)
k (x) vq (x) . (27)
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In the context of quantum optics, this transformation is called a squeezing
transformation, and when applied to the vacuum state it generates a squeezed state
[52, 51]. We note the following normalization conditions:ˆ
dx [u∗k (x)uq (x)− v∗k (x) vq (x)] = δk,q, (28)
and: ˆ
dx [uk (x) vq (x)− vk (x)uq (x)] = 0 . (29)
Early work on this problem omitted the k = 0 term [42], which we define as the label
of the lowest energy or condensate mode term. There was a reason for this. A diagonal
expansion with k = 0 included is not consistent with the usual Bose gas Hamiltonian
Hˆ , even with a linear chemical potential added. In addition, the original work on this
problem was concerned with collective modes which have k 6= 0. It was generally argued
that quantum fluctuations of the condensate mode with k = 0 would become negligible
in the thermodynamic limit of N →∞.
This approximation of omittig the k = 0 term is not without physical significance.
In the standard model, with more interacting fields, the k = 0 or Goldstone mode can
become a massive Higgs boson [53]. Although its mass is not known from first principles,
this is now regarded as experimentally confirmed [54]. Related phase diffusion effects in a
photonic Bose gas cause soliton quantum squeezing [55, 56, 57]. This is a quantitative,
first-principles prediction, which is verified in experiments [58, 59]. One may expect
similar issues in superconducting nanostructures and Majorana excitations, which also
have broken symmetry [60], as well as in many other related problems with broken
symmetries.
In summary, the problem with omitting the k = 0 term is that when the condensate
term is omitted, the transformation is not consistent with the original quantum field
commutation relations [6, 48]. The physical issue is that the system has a phase
symmetry with an associated Nambu-Goldstone mode [61, 62]. This must have a
corresponding quantum operator. While the resulting effects are typically of order
1/N , they are not always negligible in current experiments. Photonic experiments
with quantum solitons confirm squeezing induced by quantum phase diffusion [59], with
N ≈ 107 . BEC experiments have lower particle numbers than this, typically in the
range of 102 − 106, and as a result these effects are even larger.
Accordingly, one must include the k = 0 mode operator. This is essential, in order
to have a consistent quantum transformation that accurately treats finite condensates.
The issue has been treated previously [6, 48]. In the next subsection we summarize
this earlier work. We also show how the use of a nonlinear chemical potential can solve
the problems caused by including this mode in a BEC calculation. This allows one to
include the k = 0 mode operator in a diagonal linearized Hamiltonian, for calculations
of the initial density matrix.
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4.1. Expansion coefficients
We will first discuss the general approach, then give an example for the homogeneous
case. The Bogoliubov expansion is a bi-orthogonal expansion, [42, 6, 48]. This is
intended to diagonalize the Hamiltonian. To achieve this goal, we introduce a modified
differential operator, He = H + gn0 (x)− µe. The coefficients uk and vk are defined to
satisfy the relation that, for k 6= 0:[
He −gn0 (x)
gn0 (x) −He
][
uk (x)
vk (x)
]
= ǫk
[
uk (x)
vk (x)
]
. (30)
The k = 0 or condensate mode functions in the expansion of Eq( 21) are given
by u0 (x) = [ψ0 + Φ0] /2 and v0 (x) = [ψ0 − Φ0] /2, where ψ0,Φ0 are mode functions
introduced previously [44, 63] to solve the equations:
(He + gn0)Φ0 = 2αψ0
(He − gn0)ψ0 = 0 . (31)
Here, as in previous sections, ψ0 is the normalized condensate wave-function. The
normalization condition that defines Φ0 (and hence α) isˆ
dx [ψ0Φ
∗
0 + ψ
∗
0Φ0] = 2. (32)
In special cases, like plane waves, analytic solutions for these two wave-functions
can be found. Otherwise, approximate variational [64] or numerical solutions [65, 66]
are necessary. The corresponding zero momentum or condensate mode operator is:
bˆ0 =
(
Pˆ − iQˆ
)
/
√
2 , (33)
where Pˆ is the quadrature operator defined in Eq (11), and Qˆ is a complementary
operator defined such that
[
Qˆ, Pˆ
]
= i, and hence:
Qˆ = i
ˆ
dx
[
Φ∗0δΨˆ− Φ0δΨˆ†
]
/
√
2 . (34)
This gives more than just a diagonalization. There is also an off-diagonal energy
term of α~Pˆ 2. The quadratic expansion for the grand canonical Hamiltonian, including
the nonlinear chemical potential, is therefore
Kˆ
(2)
0 = (α− µ2N0) Pˆ 2 +
∑
k
ǫkbˆ
†
kbˆk . (35)
We see that a nonlinear chemical potential with
µ2 = α/N0 (36)
eliminates the Pˆ 2 term, allowing one to obtain a rigorous diagonalization of the
Hamiltonian. This is a consistent, unitary transformation of the quantum field, with no
omitted modes.
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4.2. Transformed Hamiltonian and thermal equilibrium state
Dropping the constant terms, which have no effect on dynamics, and setting ǫ0 = 0, the
final quadratic grand canonical Hamiltonian is diagonal:
Kˆ(2) =
∑
k
ǫkbˆ
†
kbˆk . (37)
The number operator can be given in terms of the fluctuation terms in Eq (12).
Substituting δΨˆ =
∑(
uk (x) bˆk − v∗k (x) bˆ†k
)
, and taking expectation values, one can
obtain the total boson number. The actual number depends on the assumed initial
quantum state, which is not specified yet.
We suppose that the k = 0 operator bˆ0 is not coupled to thermal energy reservoirs.
It mostly causes number fluctuations, and therefore is constrained through number
conservation laws rather than through energy conservation. This leads to the assumption
that initially,
ρˆ (φ0) = ρˆthρˆ0, (38)
where ρˆth is a thermal state for the k 6= 0 modes. If one has thermally excited phonons
for the other modes, as is common, then for k 6= 0
〈nˆk〉 ≡ n˜k =
[
eβǫk − 1]−1 . (39)
This expression is restricted to the k 6= 0 terms, and it is only approximately valid,
since it relies on a linearization approach.
Here, ρˆ0 is the state of the k = 0 mode. It has a time evolution under Kˆ with a
zero energy excitation up to the order of the approximate linearized expansion. This
means that all quantum states ρˆ0 are equally stationary, whether ground-states, thermal
states, number states or any other candidate states.
One may assume in particular that
〈
Pˆ
〉
= 0 for the state of the k = 0 mode, so
that the only number fluctuations are from quadratic terms. For the case of an atomic
BEC, the preparation uses non-equilibrium evaporative or laser cooling. Hence the true
quantum state is not guaranteed to correspond exactly to either a traditional canonical
or a grand canonical ensemble [67]. In fact, the actual initial quantum state in a BEC
may be quite complex, but the present approach will be appropriate in many cases.
Defining an extended row vector aˆ =
[
a,a†
]
, with hermitian conjugate aˆ† =[
a†,a
]T
, one can obtain an initial symmetrically ordered 2M × 2M modal correlation
matrix which can be calculated from the Bogoliubov results:
Σφ =
〈{
δaˆδaˆ†
}
φ
〉
, (40)
where the anomalous correlations are:〈
{δaˆkδaˆk′}φ
〉
= −
∑
q
[
ukqv
∗
k′q + uk′qv
∗
kq
](
n˜q +
1
2
)
, (41)
and the normal correlations are:〈{
δaˆkδaˆ
†
k′
}
φ
〉
=
∑
q
[
ukqu
∗
k′q + vk′qv
∗
kq
](
n˜q +
1
2
)
. (42)
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The anomalous correlations like
〈
{δaˆkδaˆk′}φ
〉
will average to zero after integrating
over phase. However, these are part of the initial quantum state, and since they
contribute to higher-order correlations as well, they must be included in computing
initial conditions for dynamical calculations. The non-phase-dependent terms like〈{
δaˆkδaˆ
†
k′
}
φ
〉
are the same for all phases. As an example, the average initial particle
number
〈
Nˆ
〉
, is an experimental observable. From Eq (12), since
〈
Pˆ
〉
= 0,
N = N0 +
∑
k
ˆ
dx
[∣∣u2k (x)∣∣ n˜k + ∣∣v2k (x)∣∣ (n˜k + 1)] . (43)
This allows one to solve implicitly for N0 as a function of the initial average particle
number N , which typically involves an iterative process, since the equations are
inherently nonlinear.
Like the number itself, the number fluctuations are conserved and depend on the
quantum state preparation. One can calculate the number fluctuations to second order
in the field δΨˆ, which gives from Eq (12),
δN2 =
〈(
Nˆ −N
)2〉
=
〈
2Pˆ 2
〉
N0 . (44)
The initial state of the zeroth mode, ρˆ0, therefore defines the number variance. If
one chooses this to be the harmonic oscillator ground state, with no excitations so
that 〈nˆ0〉 ≡ n˜0 = 0, then
〈
Pˆ 2
〉
=
〈
Qˆ2
〉
= 1/2 and the number fluctuations are just
Poissonian, with δN =
√
N , in the case that N ≈ N0. However, this is only one possible
initial condition, and it is independent of the states of the higher lying modes.
The measured number fluctuations of a trapped BEC depend on the experiment.
With careful preparation, Poissonian fluctuations have been experimentally obtained
for N ∼ 400 [68]. Reductions to 50% of the Poissonian level were achieved in small
condensates of 100-200 atoms [39], increasing to Poissonian levels at around 500 atoms.
Larger condensates are often super-Poissonian. Due to noise in the evaporative cooling
process and other issues, it is generally difficult to reduce number fluctuations to ±√N
for N > 1000 with present technologies.
These results may change in future. They depend on the details of the state
preparation in these isolated, trapped systems. To treat the full range of cases
quantitatively, one may choose the bˆ0 condensate state to be in a squeezed or thermal
state ρˆ0. This leads to smaller or larger fluctuations respectively than N0. As a result,
one has sub-Poissonian or super-Poissonian number statistics. Any of these number
fluctuation results are consistent with the techniques described here.
4.3. Homogeneous example
As an example, the coefficients in the expansion for the homogeneous case with U = 0,
confined in a volume V are obtained. We assume plane wave solutions with momentum
~k, and periodic boundary conditions. In this case, the mode functions can be written
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as uk(x) = ukψk (x), vk(x) = vkψk (x). Here k is a vector in one or more dimensions,
we define : ψk (x) = exp(ik · x)/
√
V ,and we can write that:
δΨˆ (x) =
1√
V
∑
k
[
bˆkuke
ik·x − bˆ†kv∗ke−ik·x
]
. (45)
This leads to the simple result that aˆk = α
(0)
k + bˆkuk − bˆ†−kv∗−k, after expanding
δΨˆ (x). Then, solving Eq (30) by introducing the kinetic energy, Ek and phonon energy
ǫk, defined in frequency units, one obtains well-known results, which are repeated here
for completeness:
Ek =
~
2 |k|2
2m
ǫk =
√
Ek (Ek + 2gn0) . (46)
The corresponding coefficients uk, vk are defined such that, for k 6= 0:
uk =
ǫk + Ek
2
√
ǫkEk
vk =
ǫk − Ek
2
√
ǫkEk
. (47)
For k 6= 0, there are no singularities, and we must have
|uk|2 − |vk|2 = 1 . (48)
The following algebraic relations also hold:
|uk|2 + |vk|2 = Ek + gn0
ǫk
ukvk =
gn0
2ǫk
. (49)
The result for k = 0 is different, as explained in the previous subsection. If one
substitutes into the above equation, which are only valid for k 6= 0, the expansion
coefficients would diverge. Instead, using the zeroth mode method given above, one
finds that:
ψ0 = Φ0 =
1√
V
. (50)
With this choice, the corresponding coefficient is α = gn0, with coefficients u0 = 1,
v0 = 0. Similarly, from Eq (36), µ2 = α/N0 = g/V .
4.4. Variances and quantum squeezing
In the simplest case of a homogeneous BEC, the relationship in Eq (48) shows that the
mode coefficients for a single mode can be written:
uk = cosh(rk)
vk = sinh(rk) . (51)
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Next, since the squeezing transformation is defined by δaˆk = ukbˆk − v∗kbˆ†−k , for
k 6= 0 we can introduce new odd and even operators aˆk± = [δaˆk ± δaˆ−k] /
√
2 and
bˆk± =
[
bˆk ± bˆ−k
]
/
√
2 such that
aˆk± = ukbˆk± ∓ v∗kbˆ†k± . (52)
This is an example of a single-mode quantum squeezing transformation, which is a
Gaussian state. For k = 0 we define aˆ0+ = aˆ0, and there is no odd mode. The quantum
statistics are given by the quadrature operators of the odd and even modes,
Pˆk± =
(
aˆk± + aˆ
†
k±
)
/
√
2
Qˆk± = i
(
aˆk± − aˆ†k±
)
/
√
2. (53)
In this squeezed state, the two symmetrically ordered quadrature variances are
given by:
〈
Pˆ 2k±
〉
=
[
n˜k +
1
2
]
e∓2rk
〈
Qˆ2k±
〉
=
[
n˜k +
1
2
]
e±2rk . (54)
The zeroth mode term in the second order Hamiltonian is normally responsible for the
large phase fluctuations in Bogoliubov theory. Since these generate quadratic terms in
Pˆ , they are canceled by the second order chemical potential. This is similar to the fact
that linear terms in Pˆ are canceled by a choice of linear chemical potential.
Combining the second order zero-momentum terms together, we see that the zeroth
mode contribution to the Hamiltonian is
Hˆ
(2)
0 = N0
[ g
V
− µ2
]
Pˆ 2. (55)
This means that we should choose that µ2 = g/V , as also shown in the previous section,
so that µ1 = 0 in this case. This leaves no residual term in the quadratic Hamiltonian
that depends on Pˆ , thus removing all divergences. Since the zeroth mode has zero
energy, the mode energy is unchanged, and is still given by:
Hˆ(2) =
∑
k 6=0
ǫkbˆ
†
k bˆk . (56)
5. States and phase-space representations
The results given above describe the small quantum and thermal fluctuations of a low
temperature Bose condensate. More generally, large dynamical changes can occur during
the evolution that occurs after a change in the Hamiltonian, for example, after a beam-
splitter, or a quench in which the coupling is changed. Under these circumatsances,
it is no longer possible to only treat a quadratic approximate Hamiltonian, and
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more suitable methods must be used. Of these, some of the most useful are phase-
space representations, which are applicable even to very large Hilbert spaces of three-
dimensional condensates, either with [28, 69] or without [70, 71] dissipation.
Wigner[72] developed the first quantum phase-space representation. Subsequently,
Moyal[73] showed how to use phase-space mappings to calculate quantum dynamics.
Variations of these techniques were obtained by Husimi[74], Glauber[75], Sudarshan[76],
Lax[77], and others, by using different operator orderings. These are generically called
quasi-probability distributions or representations, although these early techniques have
no stochastic process that corresponds directly to the quantum dynamics, unless they
are truncated or approximated.
Other methods exist that do have a stochastic process, but require more
sophisticated techniques, such as the positive-P representation [78]. Here we will show
how to utilize the results obtained above to initialize either the Wigner or the positive-P
phase-space method.
5.1. State transformations
The previous section diagonalized the grand canonical Hamiltonian approximately, using
a displacement followed by a squeezing transformation on the operators. This is a
unitary operator transformation which depends on the condensate field, and is written
as:
bˆk = UˆφaˆkUˆ
†
φ , (57)
where Uˆφ = Uˆ [Ψφ] = UˆSDˆ. It has the property that it transforms the grand canonical
Hamiltonian to a diagonal form within the Bogoliubov approximation, i.e,
Kˆ(2) =
∑
k
ǫkbˆ
†
kbˆk = Uˆφ
∑
k
ǫkaˆ
†
kaˆkUˆ
†
φ . (58)
As a result, if |0〉 is the original bosonic vacuum state, then the approximate interacting
ground state |gφ〉 is:
|gφ〉 = Uˆφ |0〉 . (59)
Combining these results together, if ρˆth is a thermal density matrix for free phonons
with k 6= 0, and ρˆ0 is the density matrix of the condensate mode, then the initial state
of the BEC is a phase-integral:
ρˆ =
1
2π
ˆ
dφUˆφρˆthρˆ0Uˆ
†
φ . (60)
This is a bosonic Gaussian state for every condensate phase, and hence can be
easily represented using phase-space techniques. The initial state can then be evolved
in time when the Hamiltonian is changed, to model quantum dynamical experiments.
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5.2. Wigner representation
Of these classical phase-space mappings a truncated version of the Wigner distribution is
generally useful in quantum field dynamics, and it is often used for describing quantum
optical and BEC systems[79, 80, 81, 82, 59, 28]. This employs a 1/N expansion,
truncated after second derivative terms are obtained, which limits its applicability to
large condensates. In the case of Bose-Einstein condensates, this method was used for
the treatment of a BEC in an optical lattice [83, 84], with Bogoliubov initial conditions.
This treatment was in one dimension and used a different approach to describing the
condensate mode fluctuations.
The Wigner distribution is a functional distribution which is a symmetrically
ordered representation of the quantum field [85, 86], and in this case it is a mixture
of terms at each phase φ:
Wφ [Ψ] =
1
2π
ˆ
dφWφ [Ψ] . (61)
For any symmetrically ordered moment of field operators, f
(
Ψˆ, Ψˆ†
)
, one has:〈{
f
(
Ψˆ, Ψˆ†
)}〉
=
1
2π
ˆ
dφ
ˆ
DΨf (Ψ,Ψ∗)Wφ [Ψ] . (62)
Here {} is used to indicate symmetric ordering, and DΨ is a functional integration
measure. Since the Bogoliubov operators are simply a linear combination of field mode
operators, the Wigner representation can be used for either phonons or bosons. We
note here that while a positive Wigner distribution does not always exist, Wφ [Ψ] does
exist for all Gaussian states, and the initial vacuum, squeezed or thermal state are all
examples of a Gaussian state.
If thermal phonons are described by the phonon operators bˆk, they have a Wigner
representation correspondence such that
bˆk ∼ βk . (63)
We define n˜k as the thermal occupation number of phonon modes at temperature T and
energy ǫk, for k 6= 0, and a vacuum state for k = 0 in the case of Poissonian number
fluctuations. Of course, other choices are needed for the condensate fluctuations The
Wigner representation of the approximate initial state is a Gaussian, positive probability
distribution, with a complex, symmetrically ordered variance in each phonon mode given
by: 〈|βk|2〉 = n˜k + 1
2
. (64)
The Wigner initial conditions are therefore thermal and quantum stochastic
fluctuations of the phonons, and the initial condition is simply a sum over Wigner
squeezed state amplitudes, so for φ = 0:
ΨW = Ψ0 (x) +
∑
(uk (x)βk − v∗k (x)β∗k) . (65)
Here, the initial Wigner distribution in this case is a Gaussian state, because the
changed fluctuations from the usual vacuum state correspond to quantum squeezing.
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It is well-known that one and two-mode squeezed states all have a positive Wigner
representation, defined completely by their second-order statistics.
For a general condensate, the result for the initial mode amplitudes is that
αk = α
(0)
k + ukqβq − v∗kqβ∗q . (66)
In the homogeneous case, these results provide a rigorous justification for a
previously suggested procedure [83, 87], while more generally they lead to a new
treatment of the condensate mode statistics using the correct conjugate mode functions.
In particular, for a non-uniform condensate one generally has v0 6= 0, in order to satisfy
the relevant eigenvalue equation, Eq (31). As a result, even if the condensate is in the
Bogoliubov ground state, the corresponding quantum fluctuations are squeezed. They
will in general differ from the quantum fluctuations of a coherent state of the same
mode.
Whether this is an important issue or not depends on the coupling and the trap.
In some three-dimensional inhomogeneous trap BEC experiments it is possible to even
assume that vk ≈ 0, since most of the phonon excitations are in a thermal cloud external
to the condensate, where they behave to a good approximation as a noninteracting Bose
gas [88, 89].
In the resulting truncated Wigner quantum dynamical calculations, we do not
linearize, since there can be very large changes from the equilibrium state. The chemical
potential terms conserve the total particle number, and have no effect on the dynamical
evolution of any number-conserving observable. Accordingly, it is irrelevant whether
they are included or omitted. The Wigner dynamical equations are very similar to those
obtained in the Heisenberg picture from the original Hamiltonian. Defining couplings
in frequency units as g˜ ≡ g/~, U˜ ≡ U/~, then
∂tΨW =
i~
2m
∇2ΨW − i
[
g˜ |ΨW |2 + U˜
]
ΨW . (67)
There are also cut-off-dependent frequency shifts, but as these simply behave as
chemical potential terms, they have no effect on observables, leaving an equation in
the form of a Gross-Pitaevskii equation with initial quantum fluctuations. If there is
additional gain or loss as well, then additional noise terms are required to preserve
commutation relations [69]. Methods of numerical integration using Fourier transforms
or other spectral methods and projections are described in the literature [90].
5.2.1. Homogeneous example In the homogeneous case, this simply gives the result
that
αk = α
(0)
k + ukβk − vkβ∗−k . (68)
These Wigner amplitudes correspond to two-mode squeezed phonon states [49],
with correlations between the opposite momenta. We can return to the original mode
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variables to construct the initial conditions for the equations of motion, so that the field
expansion is just a Fourier transform:
ΨW =
1√
V
∑
k
αke
ikx. (69)
5.3. Positive-P representation
The positive P -representation is a useful alternative to the Wigner approach. This
has a stochastic process with no truncation. It is widely used for simulating interacting
quantum fields in quantum optics [55] and for transients in BECs [71, 91]. In the absence
of damping the time-scales it is useful for are limited owing to the growth of sampling
error, but it can provide an accurate quantum simulation of initial transients.
In this representation, a single quantum mode has two complex amplitudes, which
we can label α and α+. Here α corresponds to an annihilation operator, while α+
corresponding to a creation operator. On average, α+ is complex conjugate to α. The
expansion of the density matrix is then:
ρˆ =
1
2π
ˆ
dφ
ˆ ˆ
Pφ(α,α
+) Λˆ(α,α+)d2Mα d2Mα+ . (70)
where Λˆ(α,α+) = |α〉 〈α+∗| / 〈α+∗| α〉 is a coherent state projector, and |α〉 is an
eigenstate of aˆ.
The construction of the Gaussian states of the BEC in the positive-P representation
can be carried out in several ways, as the representation is not unique. One method is to
base the representation on a canonical form based on the Q-function [78] that exists for
any density matrix, and therefore can be used to generate squeezed states [92]. Here we
use a more compact and efficient form available in the case of Gaussian states [93], by
use of the symmetrically ordered correlations defined in Eq (40) of the previous section.
The corresponding normally ordered correlations can be calculated from the
symmetrically ordered correlations, so that for each phase angle ΣN = Σφ− I/2, where
Σφ is given in Eq ((40). This can be factorized as a matrix square root that may have
complex values, with:
ΣN = σPσP
T . (71)
The corresponding positive-P variables are then initialized according to the prescription
that: [
α
α+
]
=
[
α0
α∗0
]
+ σPζ. (72)
The resulting positive-P equations for interacting Bose-Einstein condensates
(BECs) have a relatively simple form. We transform the initial coherent amplitudes from
mode to position space, giving rise to an equivalent set of c-number field amplitudes
Ψ =
∑
k
αku
(0)
k (x) , (73)
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and
Ψ+ =
∑
k
α+k u
(0)∗
k (x) . (74)
After reconstructing the corresponding quantum fields, Ψand Ψ†, these obey two coupled
stochastic partial differential equations:
∂tΨ = i
[
~
2m
∇2 − g˜Ψ+Ψ− U˜ +
√
ig˜ξ
]
Ψ, (75)
∂tΨ
+ = −i
[
~
2m
∇2 − g˜Ψ+Ψ− U˜ +
√
−ig˜ξ+
]
Ψ+. (76)
Here ξ and ξ+ are real Gaussian noises, independent at each time step (of length ∆t)
and lattice point, with standard deviations 1/
√
∆V∆t. These equations are similar to
the mean-field Gross-Pitaevskii equations in a doubled phase-space, with the addition of
independent noise. This incorporates all quantum effects, provided boundary conditions
are met at large phase-space radius [94].
Simulations of this type do not require assumptions about which modes are occupied
and which are not. All quantum modes up to a cut-off kc that depends on the lattice,
are included. With this approach, short time-scale transient dynamics are accurately
computable from first principles, even for large interacting BECs [71]. These are
stochastic partial differential equations, and both algorithms [95] and software [96] for
these equations are are available.
5.3.1. Homogeneous example To generate this in the positive-P distribution, we note
that due to normal ordering, the variances are zero in a coherent state. For squeezed
states the variances are:
Σk±,p =
〈
: Pˆ 2k± :
〉
=
[
1
2
+ n˜k
]
e∓2rk − 1
2
(77)
and
Σk±,q =
〈
: Qˆ2k± :
〉
=
[
1
2
+ n˜k
]
e±2rk − 1
2
. (78)
The phase-space standard deviations are defined here as σk±,p =
√
Σk±,p , and
σk±,q =
√
Σk±,q. Since either normally-ordered variance could be negative, the square
roots can be imaginary. Hence these are generated by two noise fields that may not be
complex conjugate, where:
αk± =
1√
2
[ζk±,pσk±,p − iζk±,qσk±,q] (79)
α+k± =
1√
2
[ζk±,pσk±,p + iζk±,qσk±,q] (80)
and ζk±,p(q) are uncorrelated, real Gaussian noise terms of unit variance. These should
be recombined to give the mode amplitudes, via:
αk = α
(0)
k +
1√
2
[αk+ + αk−] , (81)
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α+k = α
(0)∗
k +
1√
2
[
α+k+ + α
+
k−
]
. (82)
The occupation number in a squeezed thermal state is therefore
〈nˆk〉 =
[
1
2
+ n˜k
]
cosh(rk)− 1
2
. (83)
6. Conclusion
We have introduced the concept of a nonlinear chemical potential for the thermal
equilibrium state of a Bose-Einstein condensate. The resulting grand canonical
Hamiltonian is shown to be locally bounded below for small fluctuations. The bound
is proved by using a Bogoliubov transformation without divergences, including the
condensate mode term. This allows a complete unitary transformation on the field,
which is essential in treating finite condensates that are not in the large volume,
thermodynamic limit. The result is a diagonal phonon Hamiltonian, including the
condensate mode. This is important, in view of theorems that require theories to be
gapless and conserving [61, 40].
Our approach is then used to calculate the equilibrium density matrix, which can
be used for subsequent nonperturbative dynamical calculations. The density matrix
is phase-independent, and consists of a probabilistic mixture of Gaussian states. Such
quantum states have a distribution over particle number. The number variance can be
chosen to correspond to the initial quantum ensemble. The advantage of the technique
over methods that use number state initial conditions, is that a grand canonical ensemble
is more typical of BEC experiments. This approach also resolves a problem with using
older Bogoliubov methods in which the condensate mode is omitted, since it allows the
quantum state of the condensate mode to be included in a consistent way.
As an example, we use the initial thermal quantum density matrix to calculate
initial conditions for stochastic phase-space simulation of the quantum dynamics
of a BEC. Both the Wigner and positive-P phase-space distribution methods are
described. Quantum and thermal fluctuations are included. We expect the
nonlinear chemical potential approach to be of general applicability in cases of broken
symmetry, and it is especially suitable for the calculation of the quantum dynamics
of correlations and entanglement in mesoscopic BEC experiments. Detailed quantum
dynamical simulations using these methods and their agreement with experimental BEC
interferometry will be reported elsewhere [97].
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